PTA/07-02 



In memory of Yasha Belavin 



Bootstrap in Supersymmetric Liouville Field Theory. 

I. NS Sector 



A. Belavin 

L.D. Landau Institute for Theoretical Physics RAS, 
142432 Chernogolovka, Russia 

V.BelavinS 

International School for Advanced Studies (SISSA) 
Via Beirut 2-4, 34014 Trieste, Italy 
INFN, Sezione di Trieste 

A.Neveu 
and 

Al.Zamolodchikovl 

Laboratoire de Physique Theorique et Astroparticules, UMR-5207 CNRS-UM2, 
Universite Montpellier II, Pl.E.Bataillon, 34095 Montpellier, France 



Abstract 

A four point function of basic Neveu-Schwarz exponential fields is constructed in the 
N — 1 supersymmetric Liouville field theory. Although the basic NS structure constants 
were known previously, we present a new derivation, based on a singular vector decoupling 
in the NS sector. This allows to stay completely inside the NS sector of the space of states, 
without referencing to the Ramond fields. The four-point construction involves also the 
NS blocks, for which we suggest a new recursion representation, the so-called elliptic one. 
The bootstrap conditions for this four point correlation function are verified numerically for 
different values of the parameters. 



institute for Theoretical and Experimental Physics (ITEP) B. Cheremushkinskaya 25, 117259 Moscow, 
Russia 

2 On leave of absence from: Service de Physique Theorique, CNRS - URA 2306, C.E.A. - Saclay, F-91191, 
Gif-sur-Yvette, France 



1. The N = 1 super Liouville 



Construction of the super Liouville field theory (SLFT) is motivated by the following action, 
which appeared in the non-critical superstring theory in 1981 [1] 

£slft = F" (da(J>) 2 + ftW + W) + 2i^ib 2 ^e H + 27r6V 2 e 2b0 (1.1) 

where h is the standard "quantum" parameter related through the "background charge" 
Q = b^ 1 + b to the central charge 

c = l + 2Q 2 (1.2) 

of the superconformal algebra generated by the supercurrent S(z), S(z) and the stress tensor 
T(z), T{z). Traditionally the scale parameter fi is called the (super) cosmological constant. 

Let us recall some details about SLFT necessary for the forthcoming discussion (see 
e.g., [21 El HI El E])- The space of fields splits into the so called Neveu-Schwarz [7] (NS) 
and Ramond [H] (R) sectors, the supercurrent components (S,S) being respectively single 
or double valued near the point where the corresponding operator is located. Apparently 
the first, NS sector, is closed under the operator product expansions (OPE). It is completely 
consistent to consider it separately. This is what we're going to do in the present publication, 
meaning to include the R sector in the future. 

Respectively, the NS fields belong to highest weight representation of the NS supercon- 
formal algebra 

[L n ,G k ] = (^-k)G n+k (1.3) 
[L m , L n ) = (m - n)L m+n + -(m 3 - m)5 m+n 

o 

where the subscripts m, n are integer and k, I are half-integer. In fact there are two copies 
of algebra fll.3j) . the "right" one SVir generated by S(z) and T(z), and the "left" SVir 
constructed from the left-moving components S(z) and T(z). The space is classified in the 
highest weight representations of SVir ® SVir. The basic NS fields are the scalar primary 
fields V a (x) corresponding to the highest weight vectors 

L n V a = ; L n V a = ; for n > 

G k V a = ; G k V a = ; for k > (1.4) 
L V a = L Q V a = A a V a 

where 

A„ = (1.5) 

and a is a (complex) continuous parameter. It is sometimes instructive to think of these 
basic operators as of the properly regularized exponentials V a = exp(a0) of the fundamental 
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bosonic field entering the Lagrangian (II. ip . This is particularly useful in the region of the 
configuration space where — > — oo. Here one can neglect the interaction terms in the action 
(11. ip . the fields <fi and behave as a free boson and a free Majorana fermion and the 

exponential expression can be given an exact sense. 

All other NS fields are the SVir ® SVir descendents of these basic ones. It will prove 
convenient to distinguish the descendents of integer and half-integer level, for which we 
reserve (somewhat loosely) the terms "even" descendents, often marked by the index "e", 
and the "odd" ones, referred to as "o" . It will be also useful to introduce special notations for 
the components of the multiplets under the standard super Poincare algebra, a subalgebra 
of SVir <g) SVir generated by G-1/2, Cr-1/2 and L — L Q . From this point of view V a is the 
"bottom" component of the supermultiplet, which includes also 

A a = G. 1/2 V a = -ia^ 

Aa = G-1/2K = -m^e a * (1.6) 
W a = GU /2 G_ 1/2 K = a 2 ^e a4, - 2m ^abe {a+b)(t> 

Here we partially borrow apt notations from ref. [9] and also give a "free field" interpretations 
of the corresponding components. The basic Ward identities are 

T(z)V a (0) = ^K(O) + -dV a (0) + reg 

z z z 

T(z)A a (0) = Aa+ 2 1/2 Aa(0) + -<3A a (0) + reg (1.7) 

z z z 

S(z)V a (0) = ^A a (0) + reg 

2A 1 
5(z)A o (0) = —±V a {0) + -dV a (0) + reg 

z z z 

We explicitly present the holomorphic relations and quote them for V a and A a only. The 
"right" superconformal properties of the doublet A , W a are the same as of V a ,A a and the 
"left" ones of V a ,A a and A a ,W a are similar to (j 1.7ft with obvious modifications caused by 
the anticommutativity of the right and left "fermionic" generators Gk and G^. 

Local properties of SLFT in the NS sector are encoded in the basic operator product 
expansion (here and below for the sake of brevity we denote A = Ag/2+jp and Aj = A ai , 
wherever it cannot cause any misunderstanding) 

V ai (x)V a M= (1-8) 

/ % (^) A - Al - Aa (c%£* [v Q/2+ Ao)L + c^ a r [v Q/2+lP ( 

This OPE is continuous and involves integration over the "momentum" P. Precisely as in 
the bosonic Liouville field theory [10] the integration contour is basically along the real axis, 
but should be deformed sometimes under analytic continuation in the parameters a\ and 
0,2- It is a good idea to make such deformations explicit collecting the result in the form 
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of the so called discrete terms [TU]. In (11.81) [V p ] denotes the contribution of the primary 
field V p and its superconformal descendents to the operator product expansion. Unlike the 
standard conformal symmetry, not all these contributions are prescribed unambiguously by 
the superconformal invariance, the even and the odd ones entering independently. From 
here come two different structure constants C^ ia2 and in the OPE (11.8j) . while [V a ] ee 

and [V a ] QO denote respectively the collections of "even-even"[j and "odd-odd" descendents. As 
usual [TT] both towers of descendents enjoy the factorization in the product of holomorphic 
and antiholomorphic "chains" 

[K(0)L = C^(A a ,x) C AlA \A aj x) K(0) (1.9) 
[K(0)] oo = C^(A a ,x) ct lA2 (A a ,x) K(0) 

where each of the "chain operators" 

C e Al ' A2 (A, x) = 1 + x A + ^ ~ A2 L_! + 0{x 2 ) (1.10) 



C o Al ' A2 (A^) = ^G_ 1/2 + 0(x 3 / 2 ) 



(and the same for C e and C Q with the "right" SVir operators Gk and L n replaced by the "left" 
ones Gk and L n ) is determined uniquely by superconformal symmetry once the normalization 
of the first term is fixed, e.g., as in (11.101) . essentially in the same way as it occurs in the 
usual CFT case. 

The basic NS structure constants Ca/a 2 %P and C«/a 2 %P in ( 11. 8ft have been evaluated 
through the bootstrap technique quite a while ago in refs. [EICG] • Here we quote their result 
in terms of the three-point functions 

(Ki (xi)V a2 (x 2 )V a3 (x 3 )} = _ 7< - ^a 3+1 2 (1-11) 

(X12X12) Al + 2 - 3 (X23X23) A2+3 - 1 (X3iaJ3l) 3+1 ~ 2 

/TT T I \TTT , \TTT , \\ ^ l ^ _ ^1 _ ^ 2 _ A^ C ^ ^ (Jg 

(W ai (x 1 )W a2 (x 2 )W a3 (x 3 )} 



(x 12 X 12 ) Al + 2 -3+ 1 /2( a ; 2 3 a ; 2 3)A2 + 3-i+l/2( ;E3i;r31 )A3 +1 - 2 +l/2 

Here and henceforth we denote x^ = Xi—Xj and also use the abbreviations like A 1+2 _3 = Ai + 
A 2 — A 3 etc. All the other three point functions of different supermultiplet components are 
expressed through these via the superprojective invariance SX(2|1) <8> <SX(2|1). For example 

c 

(W ai ( Xl )V a2 (x 2 )V a:i (x 3 )) = (xi2ii2) A 1+2 _3 + l/2 (l ^JCr-i-l/2( X31 i3 1 )Aa +1 - 2+ l/2 



This means even in the left and even in the right sector. Terms "odd-odd" , "even-odd" etc. have similar 
sense. 
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The superconformal symmetry allows to express all three point functions with different 
components (11.61) of the supermultiplets through the two constants C aia2a3 and C* aia2a JE 
Both constants C aia2a3 and C aia2a3 are symmetric in all their arguments and related to the 
structure constants as (normalizations chosen in fll.lOH are important in these relations) 

Following [HIEE] they have the following explicit form (a stands here for 01 + 02 + 03) 
n ( (® h \ ui-A (Q ~ a) ' b T^ s (0)T NS (2a 1 )T NS (2a 2 )T NS (2a 3 ) 



2 / / T NS (a — Q)T NS (a 1+ 2_3)T NS (a 2+ 3_i)T NS (a3 + i_ 2 ) 

(1.14) 

, ,'Qb\ hl -A iQ ~ a)/b 2iT' NS (0)T N s(2a 1 )T N s(2a 2 )T N s(2a 3 



2 / / T R (a - Q)T R (ai +2 _ 3 )T R (a 2+3 _i)T R (a 3+ i_ 2 ) 

where we make use of convenient notations from ref. [9J for the special functions 

T NS (x) = T b (?) T b ( Z±Q) (L15) 



2/ V 2 
T R (x) = T 6 ( — g— ) T < 

expressed in terms of the standard in the Liouville field theory "upsilon" function T b (see 
pT3irT0] ) . For us the following functional relations are important 

T NS (x + b) = r te 7 Q + T K (x) (1.16) 

2~ 



T R (x + 6) = 6 1 - te 7 (^)T NS (x) 



and the same with 6 replaced by b . Finally 



TWO) = IT. g) T. (1) (1.17) 

All these expressions correspond to the "natural" normalization of the exponential fields, 
where the two-point function reads 

(V a (x)V a (0)) = (1.18) 



(xx) 2Aa 



4 A derivation based on the superprojective Ward identities, which does not exploit a superfield formalism, 
is presented in Appendix A. 
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with 



B - (aH rnfjj (L19) 

As usual, in the natural normalization the fields V a and Vg_ a are identified through the 
following "reflection relations" 

V a = D m (a)V Q - a (1.20) 

In refs. [EJUS] (see also [9j) expressions ( 11. 14ft were derived on the basis of the singular 
vector decoupling in the singular Ramond representation. This approach has many advan- 
tages, being the simplest known and giving simultaneously the OPE structure constants in 
the whole space of fields, Neveu-Schwarz and Ramond. In this note we find it instructive, 
however, to rederive ( 11.141) with the help of pure NS bootstrap, requiring the NS null-vector 
decoupling. Albeit technically more complicated, this derivation allows to stay completely 
inside the NS sector of SLFT and provides a good exercise in classical analysis. This program 
is described in the following section. 

Once the structure constants are determined, expression (jl.8p gives directly the integral 
representation for the four point function of four "bottom" NS primary fields 



(Ki (xi)V a2 (x 2 )V a3 (x 3 )V a4 (x 4 )) = (1.21) 

(x 4 lX4l)- 2Al (* 24 X 24 ) Al+3 - 2 - 4 (*34X34) Al+2 ~ 3 - 4 0*23*23) G ( ^ % 

\ o 2 a 4 

where 



x = ^i (1.22) 

X23X41 

and the "reduced" four point function admits the following "s-channel" representation 



G 



Gl2 d 4 



;i.23) 



<^^Q/2-iP^Q/2+iP T ( Aj A3 . , \ ( Aj A3 . . \ 
47r ^ia 2 ^a 3 a 4 ^ A 2 A 4 ^ X J^°{A 2 A 4 |A| X ) 



For simplicity we omit possible discrete terms. Superconformal NS blocks T e and T effec- 
tively sum up respectively "even" and "odd" descendants of the primary NS field of dimension 
A = Q 2 /8 + P 2 /2. Notice the minus sign in front of the second term in (11.231 ). It is due to 



the anticommutativity of the "right" and "left" odd chain operators in (ll.9|l I. The blocks 



are constructed unambiguously on the basis of superconformal invariance. The problem of 
their evaluation has been addressed recently in refs. [HJ[15] and will be reconsidered below 



5 This convention is consistent with the minus sign in the second relation in eq. (|1.13|> . The pure imaginary 
structure constant CP ia2 in (|1.14|) assures positive sign before the net contribution of the odd levels (see 
below) . 
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in sections 3, 4 and 5. First we recapitulate the so-called recursive "c-representation" 
which has been developed in P^[T^] and allows to effectively reconstruct the blocks itera- 
tively as a series in the parameter x. Better convergent is the so-called "delta" , or "elliptic" 
representation, whose recursions give a much faster convergent series in the elliptic parame- 
ter q. Such representation has been constructed in [T7j for the ordinary conformal algebra. 
Presently in section 5 we suggest a generalization of the elliptic representation for the N — 1 
superconformal case. In this paper we restrict ourselves only to the blocks with all four 
external fields "bottom" supermultiplet components (and those related to this case by the 
superprojective symmetry). 

An important property of a consistent euclidean quantum field theory is the associativ- 
ity of the algebra of operator product expansions. This property ensures the correlation 
functions to be single-valued over the euclidean slice of the complex space-time. It is com- 
monly believed to give an euclidean interpretation of the standard Minkowskian locality. In 
particular, the four-point function is single-valued (or, enjoys the crossing symmetry) if the 
following two identities hold 



G 



G 



a i 


03 


«2 


a 4 


a i 


«3 


«2 


04 



X, x ) = [(1 — x)(l — x)] 



-2Ai 



G 



d\ 0-4 

a 2 a 3 



x 



X 



x — 1 x — 1 



G 



03 04 



x, 1 — X 



1.24) 



In the form (11.231) the first relation is a trivial consequence of the transformation properties of 
the blocks. The second, however, becomes a non-trivial relation for the structure constants. 
Its closed formulation in terms of the structure constants requires explicit knowledge of the 
fusion (or crossing) matrix for a general superconformal block, which is not currently available 
(see [18J for an explicit construction in the bosonic case). Under these circumstances, we 
find it of value to verify this relation numerically, taking the explicit form of the structure 
constants and using the fast convergent elliptic representation for the superconformal blocks. 
This we perform in section 6 and find a reasonable numerical support for the relations (1 1.241) 
for certain randomly chosen values of the parameters. 
Section 7 is devoted to the discussion and outlook. 



2. Singular vector bootstrap in NS sector 

At certain values of the parameter a the SLFT operator V a is a highest vector of a singular 
representation of SVir. In the NS sector, which we only consider in this paper, the simplest 
singular representation has dimension A13 = —1/2 — b 2 with the primary field V-b as the 
highest weight vector. The singular vector appearing at the level 3/2 reads 

(G- 1/2 + b 2 G- 3 / 2 ) V-b (2.1) 

There is also a singular vector of the same form in the left SVir sector. Vanishing of all 
singular vectors in the singular representations can be taken as the basic dynamical principle 
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of SLFT, precisely like in the ordinary bosonic LFT. In particular, setting (12.11) and its "left" 
counterpart to zero leads to non-trivial equations for the correlation functions. It is easy 
to see, e.g., considering the three point function with the field V-b, that such "decoupling 
equation" restricts the form of the operator product expansion of a product of this degenerate 
field and arbitrary primary V a to the following "discrete" form 

V. b V a = (2.2) 



(xx) ab C^a) [K- 6 ] ee + {xxf' 2+h2 C {a) [V a } OQ + C+(a)(xx) l ~ ba+b2 [V a+b \ 



where C_(a), C (a) and C + (a) are "special" (unlike the "generic" ones in the OPE (II. 8p ). 
or "discrete" structure constants. It is instructive to understand how the general OPE 
(jl.8p with the structure constants (11.141) results in the discrete expansion (12.21) if one of the 
parameters a\ or a<i is set to the singular value —b. This calculation is performed in the 
Appendix B. 

Below in this section we will use the bootstrap conditions together with the "decoupling 
principle" to derive unambiguously the generic NS structure constants (11.141) . In particular, 
the values of the special structure constants in (12. 2p are recovered uniquely up to an overall 
scale. It is instructive, however, to give a "perturbative" derivation, similar to that presented 
e.g., in [19], because firstly it is simpler and more transparent, and secondly it gives a 
heuristic link with the SLFT Lagrangian ( 11. ip . in particular relates the scale parameter to 
the cosmological constant /z. The idea is simply a version of the "screening" calculus, invented 
by B.Feigin and D.Fuchs (and further developed by V.Fateev and V.Dotsenko [20]) where 
the role of the screening operator is played by the interaction term 2ifiWb in ( 11. ip . E.g., 
neglecting formally this term, one considers and ip as free fields, so that the exponentials 
V-b and V a enjoy the free field fusion to V a - b with 

C-(a) = 1 (2.3) 

The next term with [V a ] 00 = (2A a )~ 2 (xx) l l 2 W a + . . . requires one insertion of the perturbation 
2i\xb 2 J 4>ipe b ^d 2 x. Thus 



(2.4) 



C (a) = -2z^b 2 (Q-a) 2 \ (^e b *(y)V a (0)V- b (l)^ Q - a ^ (oo)> 

2-ni\x^j{ab — b 2 ) 
■y(—b 2 ) r y(ab) 

Finally, we need to make two perturbative insertions in order to create the last term [K+fe] ee = 
V a+b + ... in the OPE (EJ). This results in 

C+{a) = { ~ 2t f ] [ <^ e ^( yi )# e ^(y 2 )y o (0)y_ 6 (l)^_ a _ 6 (oo)) (2.5) 



r 2 
2/iV J i( yi - W )(fc - y,)}-' 2 - 1 H(y l y i y ab [(1 - 2/0(1 - m)f d 2 y> 
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In the last calculation we have used the following integration formula 
1 r n 

~ } / n^^K 1 - ^X 1 - ZiW-WziJlKzi - z 3 ){z, - z 3 )} 

' i=l i>j 

n—1 



2.<y 



(2.6) 



fc=0 



where /i + z/ + A = l — 2(n — l)g. This formula belongs to Dotsenko and Fateev [2T] . 

It is a simple exercise in operator product expansion (see e.g. [19]) to show that the 
two-point function (11.181) satisfies the functional relation 



£>Ns(a) 



C + (a) 



D NS (a + b) 

This is indeed the case for f 1 1 . 1 9 1) together with (12. 5ft . The "dual" functional relation 



(2.7) 



D m (a + b-i] 



,-2 



',-2 



,-1 



(2.8) 



is also satisfied if the "dual cosmological constant" fx is related to /i as 

6-' 



7T/17 



1 b- 2 

2 + ir 



1 6 2 
2 + 2 



(2.9) 



Now, let us turn to the four point function with one singular primary field V_b and 
three arbitrary ones. It is natural to renumber the operators, setting in (11.211) V ai to be 
V-b an d denoting V a2 , V a3 and V a4 as Vi, Vi and V3, their dimensions being Ai, A 2 and A 3 
respectively. Thus, in the notations of ( 11 .21 j) 



g{x,x) = G 



-b a 2 

ai 03 



x, x 



(2.10) 



It has been shown in [H] that this function satisfies the following third order linear differential 
equation 



1 ... 1 — 26 2 l-2x 
—g H 

b 2 b 2 x{\ — x) 



g" + 



b 2 + 2Ai b 2 + 2A 2 2 - 36 2 + 2A 1+2 _ 3 



1-z 



x(l — X) 



g'+ (2.11) 



+ 



2A 2 (1 + b 2 ) 2Ai(l + fe 2 ) | Ag_i + (1 - 2a;)(fr 4 + fr 2 (l/2 - A 1+2 _ 3 ) - A 1+2 ; 
(1 — x) 3 x 3 



x 2 (l — x) 



g = 



The same equation holds with respect to x. Near x — > it has three exponents bai, 1 + b 2 
and 1 — ba>i + b 2 , which correspond, respectively, to the dimensions A ai _k, A ai + 1/2 and 
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A ai+b . They give rise to three s-channel blocks 

J+-\x) =x aib (1 + ...) 



^°\x)=x l+b2 ( J_ + ...) (2.12) 



2A ai 

F^-\x) = x l - bai+b2 (1 + ...) 

where in the brackets stand regular series in x and the normalization correspond to the 
general convention of ( 11.1 Oft . The correlation function is combined as 

g(x,x) = -C Q { ai )C ai ^ a ,^\x)^\x) (2.13) 
+ C^ ai )C ai ^ a2 ^-\x)^-\x) + C + { ai )C ai+h>a2)a3 T^\x)T^\x) 

It turns out that ( 12.111) is of the type considered by Dotsenko and Fateev in |20j and can 
be solved in terms of two-fold contour integrals. Explicitly 



x 



x a lb{l _ x y 2 b T (_i_£Wi_£ + ba^j T(b ai - b 2 )F_(A, B, C, g; x) 

r(-i - b 2 )r (j + b -^f^j r (^f^ - f ) r (§ + ^f^) r (^f^ - f 

x 1+b \l - x) a2b b 2 T (1 - bai + b 2 ) r(bai)F (A, B, C, g; x 



r (\ + ^±^i) r (j + *if=i\ r (§ - + 6 2 ) r (j + **&=*\ 

and 

J* + \x) = (2.15) 
; 1 - 6 «i+ 62 (l - x) a2b r (-i-f)r(f- 6a! + I) r (1 - ba x ) F + {A, B, C, g; x) 



x 



r(-i - 6 2 )r (j + ^±^1) r f^f^i _ |W| _ ^±2+3 + fo2 j r A _ + 1 



Functions F ± (t4, £?, C, g; x) and F (A, 5, C, g; x) are regular series in x and admit the fol- 
lowing integral representations 

1 ti 

lC 



F_(x) = y dhj dt 2 (h - t 2 ) 29 (tit 2 )- A - B - C7 - 2 [(l - h)(l - t 2 )] B [(l - xt 1 )(l - xt 2 )\ 


1 ti 

F + (x) = fdt x j dhih - t 2 ) 29 (M 2 ) A [(l - *i)(l - t 2 )] C [(l - ^i)(l - xt 2 )] B (2.16) 


1 1 
F (x) = J t - 2 - A - B - c ' 2 \\ - t x ) B {\ - xhfdhj dt 2 t 2 A [(l - xt 2 ) B [(l - t 2 f(l - xhh) 29 
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Parameters A, B, C and g are related to the super Liouville ones a 1; 02, 0,3 and b as 

A = ~2 + ^P ; B = ~2 + ^^ (2 - 17) 

1 &ai +2 +3 , 2 1 b 2 
C = ho; q = 

2 2 ' y 2 2 

For the sake of completeness in Appendix C we recapitulate from [20j the third order differ- 
ential equation of Dotsenko-Fateev type, relevant integral representations of the solutions, 
as well as their monodromy properties. 

In particular, the combination (12.131) is a single-valued function of the two-dimensional 
coordinate (x, x) if 



C + ( ai )C ai+b , a2 , a3 _ 7 (601) 7 (601 - 6 2 ) 7 2 (§ - % + 601 



C-(ai)C ai -b,a 2 ,a 3 (I_ oai + |) 2 

7 (| + bj ^-) 7 (^f^ 1 - f ) 7 (| - ^f^ + 6 2 ) 7 (l - ^f^ + 



(2.18) 



and 



7(1 + ^)7(^-1)7(1 + ^)7(^-1) 
Co(ai)C 0lj02 , 03 ("I - ¥) 7 (| - | + 7 2 (^i - 6 



C-{a x )C ax . h ^ 6 4 7 (-l -V) 1 (ba 1 ) 

7 (| + ^f^ 1 ) 7(|- ^f^ + b 2 



-x (2.19) 



7 (^ - §6 2 ) 7 M 



^2-3 6 2 



These formulas, together with the explicit expressions (12.31) . (12. 4p and (I2.5P for the special 
structure constants, result in the following functional relations for the three-point functions 



n r, nr | n 

^01,02,03 allKJ - ^01,02,03 



Cai+b>a2)a3 _ 7 (§ + ¥ + axfc) 7 (6o!) 7 (6ai - 6 2 ) 7 (§ - § + 601) 



x (2.20) 



C ai - 6)tt2l a 3 vrV^V (I + f) 7 (-| - f + 7 (| - f + 016) 
7 (1 - ioa 1+2+3 + ±6 2 ) 7 (| - ^f^ + o 2 ) 7 (| + §602+3-1) 7 (l^+s-! - \b 2 ) 



and 



7 (| + |6ai +3 _ 2 ) 7 (|6a 1+3 _ 2 - \b 2 ) 7 (§ + 5601+2-3) 7 (§601+2-3 - §6 2 ) 

(2.21) 



Cai— 6, £12,03 

2^7 (| - y + 6ai) 7(601 - 6 2 ) 7 (§ + ^f^) 7 (| - + 6 2 



vr^7(| + f)7(^-|6 2 ) 7 ( 



2 2 
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It is verified directly through the shift relations (11.161) that the structure constants (11.141) 
satisfy these functional relations. A standard consideration [22J with the "dual" functional 
relation (i.e., the relation with b — > b^ 1 and fi — > p) now applies and allows to argue that, at 
least at real irrational values of b 2 , expressions (II. 14ft give the unique solution to the singular 
vector decoupling equations. 



3. Analytic structure of NS block 

Here we analyze in more details the properties of the superconformal blocks T e and T which 
enter the integral representation ( 11. 23ft of the four-point function. The "chain operators" 
introduced in (11 .9p are mostly important in this analysis. The "right-left" factorization 
allows to concentrate on the holomorphic part only and then combine it with the (mostly 
identical) antiholomorphic one. As it has been found in [15] and |14j . apart from the OPE 
( ll.8p one has to consider the similar OPE A ai (a;)V^ 2 (0). Commutation relations 

[G kl V a (x)}=x k+1 / 2 A a (x) (3.1) 

{G k , A a (x)} = x k ^ 2 ( 2Aa{k + 1/2) V a (x) + £-V a {z) 

\ X ox 

follow directly from ( 11.71) . Acting by any generator G k with k > on the left hand side of 
(II. 8p one finds 

A ai (x)V a2 (0) = x- 1 ' 2 J ^ (xx) A - A - A2 (c a ^ p C (A a , x) C c (A a , x)V Q/2+iP (0) 

+C^+ iP C e (A a , x) C (A a , x)V Q/2+w (0)) (3.2) 



where C e (A a ,x) and C Q (A a ,a;) are new chain operators^). It is convenient to unify the even 
and odd ones as the joint series in integer and half-integer powers of x 

C(A,x) = C e {A,x) +C {A,x) (3.3) 
C(A,x) =C D (A,x)+C {A,x) 

From (13. ip one finds 

C(A, x) V A = x k G k C(A, x)V A (3.4) 
C(A, x)V A = x k ^A + 2A!A; - A 2 - k + x-^j G k C(A, x)V A 

For the coefficients in the level expansion 

C(A, x) = J2 x N C N (A) ; C(A, x) = x N C N (A) (3.5) 

N N 



6 These operators depend also on the dimensions Ai = A ai and A2 = A Q2 . For not to overload the 
notations, this dependence is not indicated explicitly. 
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where N runs over non- negative integer and half-integer numbers (levels), these relations 
read (k < N) 

G k C N (A)V A = C N - k (A)V A (3.6) 

G k C N (A)V A = (A + 2A 1 k -A 2 + N-k) C N „ k {A)V A 

This system turns out to be enough to reconstruct the chain operators up to two overall 
constants. The latter can be fixed by the conditions Co — 1 and C = 1. Explicitly one finds, 
level by level 

Ci/ 2 (A) = — G_i/2 

CMAH^Z^ 

A + Ai-Aa + 1/2 3 2 (Ai - A 2 ) 

Cs/2(A) " 2A(2A + 1) - 1 / 2 + 4A2 + 2cA-6A + c ' 3/2 
C(A) (A + A 1 -A 2 )(A + A 1 -A 2 + 1) 

C2(A) " 4A(2A + 1) ^ (3 ' 7) 



and 



2 (A x - A 2 ) 2 + A - (2A + 1) (Ai + A 2 ) . , 
(2A + 3)(4A 2 + 2cA - 6A + c) ^-1/2^-3/2 



3(A X -A 2 ) 2 -2A (A 1 + A 2 )-A 2 
2A(2A + 3)(16A + 3c-3) ~ 2 



Ci/ 2 (A) = — -G-1/2 



- = A + A, - A, + 1/2 
v ; 2A 



5 /a-i _ (A + Ai — A 2 )(A + Ai — A 2 + 1) ^ 3 
^ 3/2(A) " 2A(2A + 1) 



, 2(A 1 -A 2 r + A-(2A + 1)(A 1 + A 2 ) ^ 

+ 4A 2 + 2cA-6A + c ' 3/2 (3 ' 8) 

^ rA x _ (A + Ai - A 2 + 1/2)(A + Aj - A 2 + 3/2) r2 
Cs(A) " 4A(2A + 1) L -' 



2(Ax-A 2 ) (A + Ax - A 2 + 3/2) 
(2A + 3)(4A 2 + 2cA - 6A + c) ^-V2^-3/2 



12 (Ax - A 2 ) 2 - (2A + 3) (2A - 1 + 4 (Ax + A 2 )) 
+ 8A(2A + 3)(16A + 3c-3) ~ 2 

where we have used the abbreviations 

2 

°-3/2 = 2A ~ ^ -iG-1/2 - G_3/ 2 (3.9) 

0_ 2 = 3L 2 x — 4AL_ 2 — 3G_3/ 2 G_x/2 
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Further coefficients are systematically evaluated level by level as a solution of (j3.4p . At 
each level (13.61) is a finite dimensional linear problem, the coefficients being polynomials 
in c, A and the "external dimensions" Ai and A2. The determinant of the system is the 
Kac determinant [23] of the corresponding level in the representation of the superconformal 
algebra. Therefore, the singularities of C(A) are (simple in general) poles located at the 
singular dimensions A = A m n , where (m,n) is a pair of positive integers, 

O 2 A 2 

A m ,„ = ^ 7T (3-10) 

and we introduced a notation 

mb~ l + nb 

A m ,n = (3-11) 

In the NS sector, which we only consider here, m and n are either both even or both odd. 
At this values in the SVir module over Va appears a singular vector D mjn V m , n , a primary 
field of dimension A m n + mn/2 = A m _ n . Here, as in ref. [24J, we denoted V m ,n = ^A m ,„ an d 
introduced a set of "singular vector creation" operators D m>n , which are graded polynomials 
in the generators G^ an d L_ n (with the coefficients depending in c (or b) only) such that 
GkDm^Vm^n = for every half integer k > 0. These operators are supposed to be normalized 
as in [24] 

-Dm,n — G™y 2 + • • • (3-12) 

Below we will need also the "conjugate" operator n defined, as in ref. [23] through the 
following conjugation rules L) n = L_ n and G\ = G-fc. Apparently 

Dl, n Dm, n V A (0) = r' m>n (A - A m , n )V A (0) + O ((A - A m ,„) 2 ) V A (0) (3.13) 

The coefficient r' mn (the "logarithmic norm" of the singular vector) has been explicitly 
evaluated in [24] 

m,n, k+lG2Z 

r' m ,n = 2 mn - 1 II A ^ ( 3 - 14 ) 

fc=l— m, 1=1— n 
(k,l)^(0,0),(m,n) 

The singular vector D m ^ n V m ^ ni once appeared in the chain vectors ( 13. 3ft . gives rise to its 
own chains C(A m _ n , x)D m ^ n V m ^ n and C(A m _ n , x)D m)n V m>n which by themselves satisfy the 
chain equations (13. 6p with A = A m n . Apparently 

res C(A, x) = x ^ X mn C(A m _ ni x)D mn (3.15) 

where X m ^ n are certain coefficients. Since C e (A,x) with C (A,x) and C (A,x) with C e (A, x) 
form two independent systems, we need to treat separately the integer and half-integer 
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chains. Denote 



res C e (A,x) = x mn ' 2 \ ^ff e ^ m '~ n ' X ^ m,n ™' " ^ (3.16) 



r mn/ 

A=A m , n cv I X£> n C (A m _ n ,x)D min m,n odd 



P ( \ ^\ — J ^i,nC)(^m,-fii %)Dm,n 771,71 even 

A=A m ,„ I X m ; n C e (A m _ n ,x)D m)n m,n odd 

and let C(A,x) with C(A, x) be normalized as above. The coefficients Xm,n and Xm,n are 
then uniquely defined. By construction they are polynomials in the external dimensions 
Ai and A 2 . To describe these coefficients it is convenient to define the following "fusion 
polynomials" [TUfTo] 

m+n—k—l mod 4=0 

P$ n {x)= II (x-Ki) (3-17) 

k£{l— m,2,m— 1} 
ie{l-n,2,n-l} 

m+n—k—l mod 4=2 



P S» = 1 1 (* - 



fee{l-m,2,m— 1} 
ie{l-n,2,"-l} 

Here e.g. {1— m, 2, m— 1} means "from 1— m to m— 1 with step 2" , i.e., 1— m, 3— m, . . . , m—1. 
The degree of these polynomials 

Pe , (m,n) = degPi e ;°)(x) (3.18) 
coincides with the number of multipliers in the products (13.171) 

Pe,o{ m ,n) = mn/2 at m,n even 

p e (m, n) = mn/2 — 1/2 . . 

^ v , ' ( , /,„ at 771,71 odd (3.19) 

p [m, n) = mn/2 + 1/2 

In particular, the parity of Pm,n\x) is that of the integer p e>0 (m,n). In the current context 
it turns out convenient to parameterize the external dimensions in terms of new variables A, 

as 

(l 2 \ 2 

^ = Y~Y (3 - 20) 

We will need some more notations. Consider a three point function of formal chiral 
fields, like (V m , n (oo)D^ n V Al (l)V A2 (0)) and (V^ n (oo)D^ Al (1)^,(0)). Application of 
the Ward identities, which read in this context simply as 

[Gki Vai(1)] = Aa x (1) (3.21) 
{G k , A Al (l)} = (2kA 1 - A 2 + A m ,„, + A)y Al (l) 
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(N is some integer or half integer, corresponding to the level of the descendent of V m ^ n (oo)) 
is a purely algebraic procedure and leads to the relations 

(^(00)^^(1)^(0)) - yU B (A!, A 2 ) | (^(00)^(1)^(0)) at m,nodd 

(3.22) 

/V f^nt A mi/ fm\-V(°)fA A ^ / (^,n(oo)A Al (l)F A2 (0)) atm,neven 
(^(00)^^(1)^(0)) - K^(A 1; A 2 ) I (^(00)^(1)^(0)) at m,nodd 

Apparently the Ym£ (Ai, A 2 ) are polynomials in Ai and A 2 , the leading order term being 
generated by the term in D m ri with maximum number of generators Gk, i-e., the one quoted 
in (I3.12p . Thus the degree is p ei0 (m,n) with leading term 

>l% o) (Ai, A 2 ) = (A x - A 2 f^ M + lower order terms (3.23) 

On the other hand, the standard decoupling consideration requires this polynomials to be 
proportional to the product Pm,n' ) (Ai + A 2 )Pm,n' ) (A 2 — Ai). The last is apparently a polynomial 
in Ai and A 2 with leading order term (2Ai — 2A 2 ) Pc '°( m,n ) and therefore 

Yi e ;:\A u A 2 ) = 2-^°(^)pM) (Ai + Aa )pM( Aa _ Al ) (3.24) 
Consider first the case m, n even and the following products 
(V A (oo)Dl >n C e (A,x)V A (0)) 

/2y(e) 

^ m - (V A (oo)Dl jn C e {A m ^ n ,x)D m>n V A (0)) + 0(A - A m>n ) (3.25) 



A- A,,.,. 
(V A (oo)Dl !n G 1/2 C o (A,x)V A (0)) 

„mn/2 y-(°) 
X y\. m ,n 



A - A„ 



\Z A (oo) J D] ni „G 1/2 C (A mi _ n , ;r)L> min y A (0)) + 0(A - A r 



The estimates 0(A — A m n ) follows from the observation, that all non-polar terms in C e (A, x) 
or Gi/ 2 C (A,x) are orthogonal to V A (oo)Dj nn at A = A m>n . Similarly, at m,n odd we have 

(V A (oo)Dl >n C o (A,x)V A (0)) 

77177. / 2 (^) 

•'' ■'" n (F A (oo)L>t iin C e (A TO) _„,x)L> min y A (0)) + 0(A - A m , n ) (3.26) 



A - A m „. 
^ A (oo) J Dl ni „G 1/2 C c (A,x)V A (0)) 

T mn/2 v( e ) 

A Amr, 



V A (oo)D^ n G 1/2 C (A„ x)D m , n V A (0)) + 0(A - A m , n ) 



Then the right hand sides are evaluated using (I3.13P and compared with the left hand sides 
coming from (13.221) . This results in [Hl[ 



Y-(e,o) _ Ym,'n{Ai, A 2 ) 



(3.27) 

' m,n 
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Notice, that a simple change of the notations turns the above consideration to a proof of the 
residue formula for the complementary chain C(A,x) 

res C c (A,x) = x mn ' 2 { X $nCe(A mt _ n ,x)D m , n m,n even ^ ^ 

A=A m ,„ y X^ n C (A m _ n ,x)D mtn m,n odd 

res C (A x) x mn ^ < Xm]nC (A m ^_ nj x)D mn m,n even 

A=A m ,„ ° | Xjn > ,nC c (A m _ n ,x)D min 171,71 odd 

These simple analytic properties are inherited by the corresponding superconformal 
blocks. Define the odd and even blocks as 

( f 2 ^ |A|^ = x A - A ^ (V A4 (oo)V A3 (l)C^ (A,x))V A (0)) (3.29) 

where again V A are formal (chiral) primary fields and we have restored the implicit depen- 
dence of the chain operator on the external dimensions. Normalization is fixed by 

(^a 4 (oo)K A3 (1)Va(0)> = 1 (3-30) 
<Va 4 (oo)V A3 (1)G_ 1/2 V a (0)> = 1 

The poles of C^ 1 ' 2 (A) turn to the poles of the blocks, the residues being evaluated similarly 
(to be more compact we suppress the external dimensions in the arguments of the blocks) 



A- L 




\ 2 (Aj 7l) 


-Ml 


x) 


at m, 


n even 


A 2 


t)\ 


[ T c (A m , 


— m 


x) 


at m, 


n odd 


Ax 




f Fo (A m , 


—ni 


x) 


at m, 


n even 


A 2 


t)\ 


[ T c (A m , 


—nj 


x) 


at m 


, n odd 



res f„(A,i) = BW ( 
Matrix elements (VA 4 (oo)VA 3 (l)-Dm,nK«,n(0)) are evaluated by the same algebraic procedure 



txr (r^wr (i\r> x/ fn\\ v( e ) { A a ^ / ( v A*(°°) v *s(. 1 ) v m,n( )) at m, n even 

[ (VA 4 (oo)VA 3 (l)K^,n(0)) atm,nodd 



(3.32) 



V A4 {°o)V A3 {l)D m , n V m , n {U) f - y m , n (A 3 , A 4 ) I (^(00)^(1)^ (0)) at m, n odd 



where D m>n = G-i/2-D m ,n and Kn in (0) = G-i^Kn,™- Combining all together we find [TH[T5] 

Ai A3 \ _ Yfn'n (Ai, A2)Y m ' n (A3, A4) 

^2 A 4 J ~~ ri 



£(e,o) / A l A 3 j _ ^m,n (ZAj , ZA 2 J im,n I/A3, ZA 4 j 

m ' n ' Ao Ad ' °*' 



Important symmetries 



o(e,o) ( Ai A3 \ (C)0) / A3 Ai \ (Cj0) / A 2 A 4 1 

m <™ 1 A 2 A 4 / m ' n I A 4 A 2 I m ' n I A i A s ' 



R (e,o) f A l A 3 \ /_N Pc , (m,n) R (o,o) f A 2 A3 

^ m >™ ^ A 2 A 4 J y } rn > n \ A x A 4 / 

follow directly from the symmetry properties of the fusion polynomials. 
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4. c-recursion 

Analytic properties observed in the previous section give rise to convenient relations for the 
superconformal blocks J- e (A, x) and JF (A,x) (we suppress sometimes the explicit depen- 
dence on the external dimensions) which allow their simple recursive evaluation, e.g. as a 
power series in x. The first way is to consider analytic properties in the central charge c of 
the superconformal algebra [Hl[TS]. In this case the Kac dimensions (13.101) appear as (again 
in general simple) poles in c at 

c = c m>n (A) = 5 + 2T m , n (A) + 2T~] n {A) (4.1) 

where again (m, n) is a pair of natural numbers, both even or both odd, while T mjTl (A) is a 
root of the quadric (I3.10p in b 2 



l-AA-mn + ^lQA 2 + 8(mn - 1) A + (m - n) 2 . . 

ft A. 



, , . , 1 — 4A — mn — ^/16A 2 + 8(mn - 1)A + (m — nr 

— 1 

For this particular root all singularities corresponding torn = 1 are sent to infinity and only 
the pairs with m > 1 count. Notice that the root chosen is non-singular at n = 1 so that 
( 14. 2p is understood as 

T -< A) = 2(l-ll-m) (4 ' 3) 

Corresponding residues are read off from those in f l3.33f) when being expressed in terms of 
A. In the present context it is convenient to use the symmetry of the polynomials (13. 17j) to 
make the multipliers in the residues (13.241) explicit polynomials in Ai and A 2 . At m,n even 
the multipliers in Pm,n(x) always enter in pairs (x — Xk,i)(x — \-k,-i) an d one can "fold" the 
product 2-P^ m ^p£°\\i - A 2 )Pi°;° ) (Ai + A 2 ) as follows 

m+n—k—l mod 4=0,2 

Yl e ;:\A u A 2 )= J] y^ n \A u A 2 ,A) (4.4) 

fce{l,2,m-l} 
ie{l-n,2,n-l} 

where 

^(A X) A 2 ,A) = (A 1 -A 2 ) 2 + Ai7" ) (A)(A 1 +A 2 -AS-" ) (A)) + i (Al7 n) (A)) 2 (4.5) 
and 

A K») / a v fc 2 T-n(A) + 2fc/ + / 2 T m , w (A) 

A li ( A ) = 4 ( 4 - 6 ) 

Similar folding is possible also at m, n odd if the degree of P m ,n is even. If it is odd, the term 
with (k, I) = (0, 0) leads to an extra multiplier Ai — A 2 . 
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Once the multipliers in (13.331) are expressed in terms of A, the corresponding residues in 
c read 

rPs T (r A - ( A] I ^ ^ m '™' A + mn/2 ' x) &t m > U ^ (A 7\ 

c=S„ elC ' > X> n ™^>\ F (c m , n ,A+mn/2,x) atm,nodd ^ 

t (~ a \ SW / aJ ^o(c m ,„,A + mn/2,2;) at m,neven 
res T (c, A, x) = B K m > n (A) < }^ ' . ' { 

c=c m , n m ' nK | J e (c min ,A + mn/2,i) atm,nodd 

where 

■> ( \ 16(T mn (A) -T-UA)) 

the last fraction corresponding to —dc/dA along the (m, n) Kac quadric (13.101) . 

The asymptotic of jF e o (c, A, x) at c — >■ oo has been recovered in (THUS]. Analytic 
properties in c sum up to the following relations 

Bmn(A) 

F e>Q (c, A, x) = / e , (A, x) + ^ ^_"^ n rA ^ e,o(c m , w , A + mn/2, x) (4.9) 



m,n even 

;( e >°) 



+ ^T^TTT^o.epm.n, A + mn/2, l) 

m,n odd ' 
m>l 



where 



/ e (A, x) = x A - Al - A2 2 F!(A + Ai - A 2 , A + A 3 - A 4 , 2A, x) (4.10) 
/ (A, x) = ±- a; A-Ai-A 2 +i/2 2j p 1 ^ A + A x - A 2 + i A + A 3 - A 4 + ± 2A + 1, x) 

Equations ( 14.91) apparently can be used for recursive evaluation of the coefficients in the 
series expansions 

^e,o(c,A,x) =x A - A - A ^x^F e W(c,A) (4.11) 

k 

where the sum is over non-negative integer (for jF e ) or half-integer (for JF ) numbers 

mn/2<N S(e,o)/AN 

FW(c,A)=/W(A)+ £ ^4A) emn/2)( ^ iA + mn/2) (412) 

m,n even ' v ' 

mn/2<jV S(e,o)/ A x 

+ E ^"7/ i;-" /2) (g m .A+w2) 

m,n odd ' v ' 

m>l 
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InflH2D 

-f(N) / a \ (A + Ai - A 2 ) jV (A + A3 - A 4 ) jV 

/e 1 J iV!(2A)^ 1 ' 

f (N) (A) = (A + Ai - A 2 + l/2) jV _ 1/2 (A + A 3 - A 4 + 1/2)jv_ 1/2 
/o 1 j (iV-l/2)!(2AW 1/2 

5. Elliptic recursion 

For practical calculations another relation turns out to be much more convenient. This rela- 
tion is called the elliptic recursion (since it requires a parametrization in terms of the elliptic 
functions) or, sometimes, the A-recursion, because it is based on the analytic properties of 
the blocks in A instead of c. As in ref. [T7] we understand the variable x as the modulus of 
the elliptic curve y 2 = t(l —t)(l — xt) and introduce the ratio of its periods r 

, K{1 - x) 
T ~ % K[x) 

where 



(5.1) 



is the complete elliptic integral of the first kind. Let also q = exp(i7rr) and denote in the 
standard way 



00 

n=— 00 n=— 00 

so that 

x = ?M (54) 
01(1) [ ' 

inverts (15. ip . This elliptic parametrization has important advantages. Eq. fl5.4p maps the half 

plane Imr > to the universal covering of the x-plane with punctures at 0, 1 and 00. The 

power expansions (14.111) of the blocks in x converge inside the disk |x| < 1. Once reexpanded 

in q it converges inside |g| < 1, i.e., on the whole covering and therefore gives there a uniform 

approximation. Naturally, even in the region \x\ < 1 it is expected to converge faster. The 

elliptic recursion, which we describe now, gives the blocks directly in terms of the elliptic 

variable and allows to generate the g-series in a simple way. 

Define the "elliptic" blocks H eo (A,q) through the relations 



(5.5) 



( Al A3 \A\x] = (16 9 )^/ ^ Q /8 " Al " A2 ^-^ /8 ' Al ' A3 ff ( X ^ A 3 \A\q 
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where the parametrization (13.201) of the external dimensions A, in terms of Aj is implied. In 
order, the elliptic blocks satisfy the following relations (the elliptic recursion) 



.inn 



l/2 p( e ) n mn/2 p( e ) 

H c (A,q) = 9 3 (q 2 ) + £ \_7 n ' n H e (A m; _ n , q )+ a_a Ho(A m ^ n ,q) (5.6) 

m,n even m,n odd 

H Q (A,q)= ^ m ' n H (A m ^ n ,q) + ^ _ m ' n H c (A m _ n , g) 

m,n even m,n odd 

the residues reading simply 



p(e,o) Prk'n (Ai + A2 )-Pm,'n ( Al — \2)Pm,n (A3 + A4)i 3 m,'n^ (A3 — A4 



(5.7) 



These relations take into account the analytic properties of the superconformal blocks in A 
described in section 3. In addition they imply that in the limit A — > oo 

H c (A,q) = 9 3 (q 2 ) + 0(A- 1 ) (5.8) 
H o (A,q) = A-%(q 2 ) + 0(A- 2 ) 

The first asymptotic is plugged explicitly into the relations, while the second is automatically 
generated by the recursion. To derive the relations (15.61) we need to justify the A — > oo 
asymptotic of the blocks, summed up in (15 .5p and (15.81) . The arguments will be reported 
elsewhere. 

Like the ^-recursion of section 4, relations ( 15.61) allow to evaluate recursively the series 
expansions of the elliptic blocks in powers of q 

H e . Q (^q) = J2q N hZ\A) (5.9) 

N 

Again H e (A,q) expands in non-negative integer powers of q while H Q (A,q) is a series in 
positive half-integer ones. Relations (15.61) give 



mn/2<N „(c,o) AN-mn/2) , * x mn/2<N „(e,o) , (N-mn/2) » x 
h^{A)—rf N>> + ftm,n fte.o (/j^y-nj ^ rCm,n flo,e t±m-n) (5 10) 

A A mn A A mn 

m,n even m,n odd 

where ?7o = and rji N ^ are coefficients in the g-expansion of 3 (q 2 ). In practice this relation 
allows a much better algorithm as compared to the ^-recursion (14.12j) . mostly because (? is 
fixed and the values Rm°n , A m>n remain the same at all iteration steps (unlike ( 14.121) . where 
at each level they have to be recomputed for the "shifted" values of A). Once a necessary 
number of residues and dimensions is available, the remaining recursive procedure runs very 
fast. 
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6. Superconformal bootstrap 



With the structure constants ( 11. 14ft and superconformal blocks known one is in the position 
to evaluate the four-point function ( 11.231) of basic NS fields in SLFT. The goal of this section 
is to verify numerically the crossing symmetry relations (jl.24p . 

For the reasons discussed above, we will use the elliptic representation (15.51) of the blocks. 
The four-point function (11.231) acquires the form 



G 
where 
9 



0-2 <^4 



0,2 G-4 



r, r 



(XX 



2 /8-A 



^ A2 [(l - x)(l - z)]Q 2 /8-Ai-A 3 



Qj2 CI4 



r, r 



(6.r 



(6.2) 



% |16g| p2 [c^aV P ^a? P H e (A, q) H e (A, q) - t^ p CP a 'X iP H (A, q) H a (A, g) 

and A = Q 2 /8 + P 2 /2. The first of the relations (ll.24p is verified analytically. Indeed, the 
identities 



Ai A 3 

A2 A4 

Ai A3 

A2 A4 



|A| - q 
|A| e™q 



Ai A4 



A2 A3 
Ai A 



A| q 



(6.3) 



Ao A4 



|A| q 



for the elliptic blocks (the latter are easily derived from ( 15. 6 p and the symmetries (13.341) of 
the residues) directly result in 



( a\ 


a 3 








r,r^j = g ^ 




V «2 


CL4 


a 2 a 3 



T + l.f 



The second relation in eq. (11.241) in terms of the function g reads 
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CL\ 03 
0,2 CL4. 



r, r 



( rf )3Q 2 /4-2E l A l ^ 



di d2 
(I3 A4 



1 1 

1 

T T 



(6.4) 



(6.5) 



It is a difficult mathematical problem to recover this property from the representation ( I2.10p . 
However, with the fast algorithms based on the elliptic representation of the blocks, it is an 
affordable problem for numerical analysis. 

As a simplest numerical test we have chosen the external parameters CL\ — &2 — ^3 — 
a 4 — Q/2. The structure constants (11.141) vanish for these values of the external parameters, 
so that we take a first derivative in all four of them. This means that we consider the four 
point function of the primary fields V^ 2 = 0exp(Q0/2). Denoting 

<9 4 



daida 2 da 3 da4 
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( ai 


a 3 


r, T^j 


V a 2 


04 





4T£s(0)T£(&)/( 



r, t 



(6.6) 



a,i=Q/2 
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we find 



f(T,f) = J 



dP . lP a 

4^ 



r e (P) 








|A| q 



+ r Q (P) 



(6.7) 



The auxiliary functions r c (P) and r (P) read in terms of standard upsilon functions Tb(x) 

T h (iP)T h {-iP)T 2 (iP + Q/2) 



r e (P) 
r D (P) 



T«(Q/4 + zP/2)T8(Q/4-zP/2) 

? b (iP)? b (-tP)r 2 b (Q/2 + tP) 



(6. 



T«(Q/4 + b/2 + «P/2)T8(Q/4 + ft-i/2 + zP/2) 
and allow the following integral representations 



r e (P) = P 2 exp 



00 (it 

T 



1 + 6b 2 + b A )e' 
2b 2 



(6.9) 



+ 



8cos(Pt/2) cosh[(6 + l/&)i/4] - 2cos(Pt) cosh 2 [(6 - l/b)t/A] - 6 



r Q (P) = P 2 exp 



00 (it 

T 



sinh(t/26) sinh(6t/2) 



2b 2 + 6 4 )e"* 



2b 2 



(6.10) 



8 cos(Pt/2) cosh[(6 - l/6)t/4] - 2 cos(Pt) cosh 2 [(b - l/6)t/4] - 6 
+ sinh(t/2&) sinh(fa/2) 

In Figure 1 the values of /(r, r) (solid curves) are compared with that of 
/(— 1/t, — 1/f) (symbols) for pure imaginary r = it and certain values of the parameter b. 
To give an idea about the accuracy, some numbers are shown in the Table 1. These numbers 
correspond to the approximation of the elliptic blocks H e (q) and q 1 ^ 2 H Q (q) as power series 
up to the order g 6 . It seems like the main source of the discrepancy is in this approximation. 
For example at t — 0.5 (q 2 ~ 0.0432) the numbers differ in the fifth decimal digit (e.g., the 
numbers 7.12534 and 7.12512 in the Table), while the approximation improved up to the 
order g 10 gives seven correct decimal digits (respectively 7.12511575 and 7.12511599). 



We have performed a similar comparison for some different values of a 1; a 2 , a^, a 4 (chosen 
at random, but close enough to Q/2 to preserve the convergence of the representations (16.91) 
and (IQDjl ). E.g., at 

9 n 2Q 13Q 7Q 

oi = y^Q ; % = ~y ; «2 = ; «4 = (6.11) 

we have for b = 2.8 and t = 0.3 

f aim aM = 2141.5325 (6.12) 
^/^-AEi^if (i/ t ) = 2141.5101 
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t 

Figure 1: The results of comparison for different values of b. 



7. Discussion 

In the present paper a preliminary analysis of the bootstrap properties has been performed 
for the four point functions in the N = 1 supersymmetric Liouville field theory. Some, mostly 
numerical, arguments are presented that the NS operator algebra, based on the structure 
constants (I1.14p . satisfies the locality property. Of course, a separate analysis is needed to 
include the Ramond sector. This problem remains for future work. 

Even in the purely NS sector the program is not yet completely finished. We considered 
only the four point functions of four "bottom" components V of any supermultiplet. Corre- 
lation functions involving other components, like (VWVT) or (AAVV) etc., remain to be 
studied. Obviously they can be expressed in terms of the structure constants (11.14j) . like in 
eq. fll.23p for (WW), with different superconformal blocks. We arrive at the problem to 
describe completely the set of 32 different blocks like (in obvious notations) 



•> e,o 



•F 2,0 



Ai 


A 3 


A 2 


A 4 


A a 


A 3 


A 2 


A 4 



|A| x 



|A| x 



f 4 (oo)A 3 (l) 



Vk(oo)A 3 (l) 



A, A 
A, A 



K(x)V 2 (0) 
Ai(x)A 2 (0) 



(7.1) 



etc. 



where in the present context V and A are formal chiral components of the "right" supermul- 
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f(t) 


r<r/V(i/f) 


f(t) 




t 


for b = 0.8 


for b = 0.8 


for b = 27r/4 


for b = mj '4 


0.1 


25.900821 


25.456246 


1.5305811 


1.5232342 


0.2 


15.372272 


15.365205 


1.5884637 


1.5881483 


0.3 


11.123984 


11.123971 


1.5267458 


1.5264759 


0.4 


8.7059097 


8.7060123 


1.4398383 


1.4396855 


0.5 


7.1251188 


7.125178 


1.3522805 


1.3521968 


0.6 


6.0067008 


6.0067341 


1.2708572 


1.2708109 


0.7 


5.1733043 


5.1733228 


1.1971168 


1.1970912 


0.8 


4.528805 


4.5288147 


1.1308767 


1.1308632 


0.9 


4.0160968 


4.0161008 


1.0713992 


1.0713936 



Table 1: Numerical data for f(t) for b = 0.8 and b = iir/A. 



tiplet, and, by definition 

V 4 (oo)A 3 (l) A, A V 1 {x)V 2 (0)) = <\/ 4 (oo)A 3 (1)C c a o 1 ' A2 (A,x)Va(0)> (7.2) 



(similarly for other components). 

The problem is slightly less involved than it seems at first glance. A study of the su- 
perprojective Ward identities, similar to that in Appendix A, allows to reduce the set to 8 
independent functions. Moreover, their analytic properties follow directly form those of the 
basic chains C e , (A,x) and C e ,o(A,x). In particular, the residues at the singular dimensions 
A = A m n are expressed similarly to (13.331) in terms of the fusion polynomials. Construction 
of the recursive representations, analogous to (14. 9 p or (15. 6p . presents a separate problem, 
which we hope to analyze in the future. 

Another topic of a future report is the justifications of the asymptotic ( 15. 5ft and ( 15. 8ft of 
the block at A — > oo, which has been simply conjectured in section 5 in order to write down 
the elliptic recursion relations. This analysis requires several essential steps and presently 
we prefer to skip it. 

The superconformal blocks, considered above, are expected to satisfy certain "crossing" , 
or "fusion" relations, the set with different values of the intermediate dimension forming an 
infinite dimensional representation of the monodromy group. In the present case the group 
is equivalent to the modular group generated by the maps x — > x/(x — 1) and x — > 1 — x. In 
terms of the elliptic parameter r these are r — ► r + 1 and r — ► — 1/r. The representation is 
completely determined by the relations 



K ( 21 21 1 A| X ) = e - MA - Al " A2) (l - xr 2Al Fc ( 2] a 3 |A| f-: ) (7.3) 
T Q ( A4 |A|X ) = e-^ A - A - A2+1 / 2 )(l -x)~ 2A ^ ( 



A 3 


|A| 


xe ln \ 


A 4 


l-x) 


Ax 
A 2 


A 3 
A 4 


, . , xe m 

A 

1 — X 
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and 



v ' e'=e,o 

Here we introduced an index e = e,o to unify the notations, and K§' (P, P') is the kernel of a 
certain integral operator, called the crossing matrix (or, sometimes, the fusion matrix). In our 
construction the first relation follow directly from the symmetries (16.31) of the elliptic blocks. 
The second one is very non-trivial, the crossing matrix K\ (P, P') remaining to be found. 
In the case of the ordinary (non-supersymmetric) conformal block an explicit expression for 
the crossing matrix has been conjectured in ref. p2] on the basis of an appropriate quantum 
group analysis. Similar analysis seems to be feasible in the present superconformal situation. 

Finally, we hope that the construction of the SLFT four point function, started in the 
present paper, will turn useful for the applications in the Liouville supergravity as well as in 
non-critical superstring theory. 
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A. Superprojective invariance. Three point function 

In this Appendix we consider only Ward identities related to the "right" superconformal 
algebra, formed by the holomorphic components S(z) and T(z). Respectively, supermulti- 
plets consist of the highest weight vectors V{ or Aj defined as in (II. 6p (in this section we 
omit the parameter a near the primary field to give place for the identification number 1, 2 
etc.) and the "top components" Aj or W{. To be definite, we will talk about the multiplet 
(Vi,Ai). It seems to require no comments how to combine the results below to the complete 
holomorphic-antiholomorphic combinations. 
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To describe all 2 3 possible three point functions denote 



^123 = (VtV 2 V 3 ) 

c T23 = (A1V2V3) (A.i; 

etc. 



- Xi] 


) 2 ' z 


— X\ 


dxi 


2A 2 




1 


d 


(z - x 2/ 


) 2 ' z 


- x 2 


dx 2 


2A3 




1 


d 




) 2 ' z 


- 3:3 


dx 3 



(S(z)ViA 2 V 8 > = ( + — =— ^- ) ^123 + -^-^3 - r-^Ciffi ( A -2) 



From the operator product expansions (11.71) we have the following supercurrent Ward iden- 
tities 

(S(z)A 1 v 2 v 3 ) = {j^^ + ^^r) ^ - j^ffa ~ rAr^s 

1 

Z — X\ 

1 

2 — X\ 

where Ai, A 2 and A 3 are respectively the dimensions of Vi, V 2 and V 3 . As S(z) = 0(z~ 
at z — > 00, the following super projective identities hold 

d 

-C123 = C123 + ^123 



(SMViVfa) = ( + ) ^123 + -^—c m + — =— 



1 


z 


- ^3 




1 


2; 


- ^3 




1 


Z 


- x 2 



dxi 
d 

^"^123 = -Cl23 + ^123 



7^7^123 - -C?23 ~~ ^123 ( A - 3 ) 



'3 



^2^- + 2A 2 ^j C 123 = -XtGtfz + X 3 C 



f 123 

d \ 

— + 2A 3 1 C 123 - -XiC T2 3 - ^2^23 

These identities involve only the correlation functions with even number of "fermions" Aj. 
Eliminating the derivatives one finds 

2AiC*i 2 3 = — xi 2 C-^2 3 + X3iC-J 2 3 

2A 2 Ci 23 = -^12^3 - ^23^123 ( A - 4 ) 

2A3C123 = X 3 i CY23 — X 23 Ctfg 
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and thus 

_ A 2 + A 3 -A^ 

°123 °123 

Cl23 = " ^123 (A. 5) 

_ A! + A 2 -A 3 ^ 

°123 1 °123 

Being substituted to differential equations this sums up to 

d n Ax + A 2 -A 3 Ax + Aa-Ao 

■7; L-123 — W23 W23 

OX 1 X12 X 13 

d _ A x + A 2 -A 3 ^ A 2 + A 3 -A^ 

Tj W23 — ^123 < - / 123 

OX 2 X 2 1 X 23 

d _ _ Ax + As-Ao A 2 + A 3 -A! 

"5 (-V123 — ^123 W23 

dx 3 x 3 i x 32 

and gives finally 

C 

Cl23 = „A!+A 2 - A 3 A 2 +A 3 -Ai A1+A3— A2 ( A ' 7 ) 
x 12 x 23 x 31 

where C is an integration constant, independent on x±, x 2 and x 3 . 

Another Ward identity, relevant for the even in fermions functions, is 

(SWAl A 2 A3> = (^ + _±_£) ClS3 (A . 8) 

!^ + ^ ?_] c ( 2A » 1 1 s_W 

(z-:c 2 ) 2 z-x 2 dx2/ 123 \(;z-:c 3 ) 2 z-x 3 dx 3 ) 123 
In the same manner it gives 

"3 



dx; Ci23 ~ dx~ 2 c ™ + dx~ 3 c ™ ~ (A - 9) 



4d c * - ( 2A2 + °™ + ( 2As + ^ 



It is straightforward to verify that these relations are satisfied identically with the explicit 
expressions (IA.5I) . 

For the odd fermion number functions consider the Ward identity 

(S{z)V x V 2 V,) = -±-C~ 123 + -^—C^ + -±-C 12% (A.10) 

Z — X\ z — x 2 z — x 3 



It follows that 



^123 + ^123 + ^123 _ (A- 11) 

X 1^123 + X ^123 + X 3Cl 23 — 
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This system is solved in terms of a single function Ci 23 

^123 = x 2zC 12 Z 
^123 = a; 3lCl23 
^123 = ^12^123 

Next, we need the identities 

(S(*)KA 2 A3> = j^fvr, 

1 1 2 ^ 2 1 1 d \ c ( 2A 3 1 

(z - x 2 ) 2 z-x 2 dx 2 J 123 \(z-a;3) 2 z 



^AxVaAa) = — 

Z — £ 2 



( 2A i , 1 9\ ( 2A 3 



(S(z)A 1 A 2 V 3 ) = -^—C m 

z — X 3 



I ( 2A i 1 1 d ) c ( 2A ^ 1 



They result in the relations 



JL r d _ c ~ +c~ 

dx 2 123 9x 3 123 1 
^ r d_„ 

^3 

•'2 



d Xl 123 cfe 3 123 ^ 123 



fe^ 123 ftr^ 23 ^ 23 



2A 2 + x 2 — \ C 12 3 - I 2A 3 + x 3 — ) C 123 + x 1 C~ 123 



2Ai + ^123 " (2A3 + x 3 -^- ) C T23 - x 2 C m 



d \ „ / . 9 



2Ai + ^1^- J ^123 " ( 2A 2 + x 2 — ) C i23 + x 3 C T23 



All of them are satisfied by 
C123 — 



C 



,Ai+A 2 -A 3 +l/2 A2+A3-A1+I/2 A1+A3-A2+I/2 



^12 x 23 ^31 



with a new integration constant (7, and 

C m = (1/2 - Ax - A 2 - A 3 )(7 123 
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B. General OPE and special structure constants 



It is instructive to show how the general continuous OPE (11.81) turns to the discrete one (12.21) 
if one of the parameters a\ or a 2 is set to the degenerate value —b. Let us take a 2 = — b + e 
and consider the first term in (11.81) with C£ a2 given by fll . 14|) 



Qb 



C p ai , a2 = j b 1 -" 2 j x (B.l) 

T / NS (0)T N s(2a 1 )T NS (2a 2 )T NS (2g - 2p) 

T N s(Q +p-ai- a 2 )T NS (a 2 +p- ai)T NS (ai + p- a 2 )T NS (ai + a 2 + p - Q) 

At a 2 — > —b this expression vanishes due to the zero of the multiplier Tns(2ci2)- This 
means that the integral term in (ll.8p disappears and only the discrete terms contribute. The 
latter are due to the singularities of the integral, which come from the pole structure of the 
integrand. Expression (1B.1H has poles in p at (the four lines of singularities here correspond 
respectively to the four multipliers in the denominator of (IB.ip ) 

ai + a 2 — Q — mb^ 1 — nb and a, + a 2 + mb~ l + nb 

a>i — a>2 — mb~ l — nb and Q + a± — a 2 + mb~ l + nb (B.2) 

0-2 — cl\ — rnb~ l — nb and Q + a 2 — d\ + mb~ l + nb 

Q — a\ — a 2 — mb^ 1 — nb and 2Q — ai — a 2 + mb~ x + nb 

where (m, n) - any pair of non- negative integers of the same parity. At a 2 = — b + e the poles 
at p = a\ — b + e and p = a\ + b + e of the first multiplier in the denominator of ( IB. II) come 
across the poles at p = ai — b — e and p = a\ + 6 — e of the second multiplier producing two 
singular terms. The same singularity appears from the two "reflection symmetric" pinches 
at p = Q — di + b and p = Q — ai — b. Due to the symmetry properties of the integrand 
and the reflection relation (ll.20p the "reflected" terms give the same contributions and don't 
need separate consideration. 

First, let us pick up the pole at p = a% — b — e 

£P T^ s (0)T NS (2a 1 )T NS (-26 + 26)T NS (2Q - 2a, + 2b) 
p J^ e a uaa T m (Q-2e)V NS (-2b)T NS (2a 1 )T m (2a 1 -2b-Q) " 1 ' 

Similar calculation for the residue at p = a± + b — e results in 

res 0> = La, (9*) 2 TNs(2a 1 )T NS (2a 1 + 2b-Q) 

p J a ^ e ^« ^7 ^ 2 y j TNg(2ai + 26)TNs(2ai _ Q) 

Qb\\ 2 (7r/i) 2 & 4 7(ai6-l/2-6 2 /2) 

7 ' 



(p-ai— Q2)/6 



2 JJ 1 (l/2 + b 2 /2 + a l b) 
where we systematically use the shift relations ( 11 . 16f) . 
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Second, let's work out the contribution of the second term with 

(p-a 1 -a 2 )/b 

2zT^ s (0)T N s(2a 1 )T N s(2a 2 )T NS (2g - 2p) 

Tr(Q + p - ai - a 2 )T R (a 2 +p- ai)T R (oi + p- a 2 )T R (ai + a 2 + p - Q) 

The pole structure is given by the same formula ( IB. 21) where now (m, n) is a pair of non- 
negative integers of opposite parity. At a 2 = — b + e we have to pick up a singular term at 
p = ai — e 

pp ( ( Qh X\ 2zT / NS (0)T NS (2a 1 )T NS (-2fe + 2e)T NS (2Q - 2p) 

ai '- b+e V^ 1 \2 )) T R (Q + b - 2e)T R (-6)T R (2a 1 + &)T R (2 ai -b-Q) 

(B.6) 

27ri/x 



P=01— 6 



7 (-b 2 ) 7 (601) 7 (1 + b 2 - ba ± ) 



Residues (1B.3|) , (1B.4h and (1B.6j) can be compared with the special stricture constants, derived 



in section 2 in terms of the "screening" integrals. 

C. Dotsenko-Fateev type equation 

Substitution 

g = X ai \l - x) a2b F (C.l) 

renders eq.f l2.lip to the form 

x 2 (l - x) 2 F"' - x{\ - x)(K lX - K 2 (l - x))F" + (L lX 2 + L 2 (l - xf - L 3 x(l - x))F' 

(C.2) 



+ (M lX - M 2 (l - x))F = 



where 



K x = -2g - 3B - 3C '; K 2 = -2g - 3A - 3C 

Li — (B + C)(2B + 2C + 2g + l); L 2 = (A + C)(2A + 2C + 2g + 1) 

L 3 = 4AB + A(2A + 2B + 2C+ 1)C + A(A + B + 3C)# + Ag 2 + 2# (C.3) 

Mi = -2C(4 + 5 + C + 5 + 1)(2S + 2C + 2# + 1) 

M 2 = -2C(A + B + C + g + 1)(2A + 2C + 2g + 1) 

while the parameters A, 5, C and g are related to ai, a 2 , 03 and 6 as in eq. fl2.17l) . 
Consider the two-fold contour integrals 



Iap(x) = j j dhdt 2 \ht 2 \ |(1 - tx)(l - t 2 )r \(x - h)(x - t 2 )r h - t 2 \ 9 (C.4) 
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at a 7^ (3 and 

Iaa{x) = \J J Midi \ht 2 \ A |(1 - ti)(l - t 2 )\ B \{x - h){x - t 2 )\ c \h - t 2 \ 2g (C.5) 

Col Ca 

where the contours C a , a = 1, 2, 3, 4 are numbered as follows 

d = (-oo,0]; C 2 =[0,x]; C 3 = [x,l]; C 4 =[l,oo) (C.6) 

It is verified directh/0 that all these integrals are solutions to eq. (1C.2l) . 

Of all the nine integrals only three are independent. As a base one can choose the set 
with a diagonal monodromy around the point x = 

j 1 (x) = j 44 (x)~j; o) (i + ...) 

X 2 (x) = I M (x) ~ x 1+A+c lf\l + ...) (C.7) 

1 3 (X) = I 22 (x) ~ ^ + 2A + 2C +29J (0) (1 + 

where . . . stands for a regular series in x. The constants 

, (0 ) _ r(2g)r(l + B)T(l + B + g)T(-l - 2g - A - B - C)Y{-\ -g-A-B-C) 



1 



T{g)T{-g-A-C)T{-A-C) 



(0) = r(l + A)T(1 + B)T(1 + C)T(-1 — 2g — A — B — C) 

2 r(2 + A + C)T(-2g- A - C) 1 ' 

(o) = r(2 g )r(i + ^)r(i + a + g)r(i + pr(i + c + g) 

3 r((7)r(2 + A + c + (?)r(2 + A + c + 2(7) 

are calculated using the Selberg integral 
i 



-. n II 11 J. 

-JUdutrHi-uy-'Ulu-tA 29 = U 



"~ 1 r(( ? + %)r( / i + %)r(z/ + %) 



(C.9) 



Another base 



Ji(x) = I n (x) ~ Ji (0) (l + ---) 

J" 2 ( x ) = / 13 ( x ) ~ (i _ x) 1+B+c .7 2 (0) (l + . . .) (CIO) 

J 3 (X) = I 33 (X) ~ (1 - X) 2+2B+2C7 + 2 ^3 (0) (1 + . . .) 

where the dots now replace a regular series in 1 — x, enjoys diagonal monodromy around 
x — 1. Apparently 



7 It is implied that the parameters are chosen in a way to ensure convergence of all these integrals. 
Otherwise, standard regularization is in order. 
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i a = j2 M ^ ( c - n ) 

where the "fusion matrix" M. a p is evaluated by manipulating the contours of integration. It 
has the following entries [21] 

Ml2 

M 13 



sin it A sin 7r(g + A) 



sin7r(C + B) sin7r(# + C + B) 

sin it A sin ttC 
~ sin ir(C + B) sin tt(2# + C + B) 

sin 7rC sin 7r(g + C) 
sin 7r(p + C + 5) sin7r(2# + C + B) 



2 cos vrgf sin n(g + A) sin 7r(g + A + g + C) , , 

21 sin7r(C + S)sin7r(5 + C7 + S) 1 ' J 



-M 2 2 

M 31 
M 33 



sin 7rC sin 7c(g + A + B + C) sin 7r(g + B) sin 7rA 



sin tt(C + 5) sin 7r(# + C + 5) sin 7r(# + C + £) sin ir(2g + C + B) 

2 cosng sin7r(g + C) sin7r(g + B) 
sin ir(g + C + S) sinvr^ + C + 5) 
sin ir(g + A + B + C) sin 7r(25- + A + B + C) 

sin tt(C + B) sin ir(g + C + B) 
sin 7rB sin n(2g + A + B + C) 
sin tt(C + B) sin tt(2# + C + S) 
sin 7ri? sin 7r(c/ + -B) 



sin7r(gf + C + 5) sin7r(2# + C + £) 

Next, it is verified [21] that the combination 

XiXi(x)Xi(x) + X 2 X 2 (x)X 2 (x) + X 3 X 3 (x)X 3 (x) (C.13) 

is a single-valued function of (x, x) if 

X 3 sin 7rA sin 7rC sin 7i(A + C) sin tt(A + g) sin 7r(C + g) 

Xi ~ sin 7rS sin 7r(S + #) sin7r(A + S + C + #) sin7r(A + C + 2g) sin7r(A + B + C + 2g) 
X 2 sin 7r ( A + C + sin 7rA sin 7rC 



Xi 2 cos ng sin ^(S + gr) sin ir(A + B + C + g) sin 7r(A + C + 2p) 



(C.14) 
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